On smoothing properties of the Bergman projection by Thuc, Phung Trong
ar
X
iv
:1
91
2.
03
47
3v
2 
 [m
ath
.C
V]
  2
6 D
ec
 20
19
ON SMOOTHING PROPERTIES OF THE BERGMAN
PROJECTION
PHUNG TRONG THUC
Abstract. We study smoothing properties of the Bergman projection
and also of weighted Bergman projections. In particular, we relate these
properties to the hyperconvexity index of a pseudoconvex domain in Cn.
The notion of a hyperconvexity index was first introduced by B.Y. Chen,
which provides a flexible criterion for studying geometric properties of hy-
perconvex domains. We also obtain a new estimate of weighted Bergman
projections, which improves a well-known estimate of Berndtsson and
Charpentier. We give several applications of this estimate, including the
study of smoothing properties of weighted Bergman projections.
1. Introduction
Let Ω ⊂ Cn be a bounded pseudoconvex domain, and let PΩ be the Bergman
projection of Ω, that is the orthogonal projection of L2 (Ω) onto A2 (Ω). Here,
for 1 ≤ p ≤ ∞, Ap (Ω) = O (Ω) ∩ Lp (Ω) denotes the space of holomorphic,
p-integrable functions (always with respect to the Lebesgue measure in Cn).
And, for a positive measurable function ω on Ω, we denote by L2 (Ω, ω) the
space of all measurable functions f : Ω→ C satisfying∫
Ω
|f |2 ω < ∞.
Recently, it has been shown that the Bergman projection has nice smoothing
properties when acting on the space of conjugate holomorphic functions. Here,
we call a function f a conjugate holomorphic function if its complex conjugate,
f , is holomorphic. In [16], the authors proved that for any k ∈ N and under
the assumption of Condition R, ‖PΩ (f)‖Hk(Ω) ≤ Ck ‖f‖L2(Ω), for all conjugate
holomorphic functions f ∈ L2 (Ω). Here Hk (Ω) is the standard L2 Sobolev
space of order k. In fact it is proved in [16, Theorem 1.10] that, for any
smoothly bounded domain Ω, by assuming that PΩ is bounded from H
k1 (Ω)
to Hk2 (Ω), for some k1, k2 ∈ N, then for every g ∈ C∞
(
Ω
)
,
(1) ‖PΩ (fg)‖Hk2 (Ω) ≤ const ‖f‖L2(Ω) ,
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for all conjugate holomorphic functions f in L2 (Ω). Recently, Herbig [15]
showed under the same assumption that one can weaken the right hand side of
(1) to only ‖f‖H−k(Ω), for any f ∈ L2 (Ω) and every given k ∈ N.
It would be interesting to relate similar smoothing properties of the Bergman
projection to geometric behavior of the domain, and also to study Sobolev-norm
estimates ‖·‖Hs(Ω) , when the exponent s is small (less than 1). It is known
that (see [2, Theorem 2.4]) for any pseudoconvex domain Ω with Lipschitz
boundary, PΩ : H
s (Ω) → Hs (Ω) is bounded, for any 0 < s < η (Ω)/ 2, where
η (Ω) is the Diederich-Fornæss index of Ω, defined by
η (Ω) = sup
{
η > 0 : there exist ρ ∈ PSH− (Ω) and C > 0
such that
1
C
δ
η
Ω ≤ −ρ ≤ CδηΩ on Ω
}
.
Here we denote by δΩ the boundary distance function, and by PSH
− (Ω) the set
of all negative plurisubharmonic functions on Ω. The Diederich-Fornæss index
is always positive for pseudoconvex domains with Lipschitz boundary, see [14].
It can be arbitrarily close to 0, as the smoothly bounded worm domain shown,
see [10]. On the other side, for any number µ > 0, Barrett [1] proved that
PΩµ : H
s (Ωµ) 6→ Hs (Ωµ), for any s ≥ π/ 2µ. Here Ωµ is the smooth worm
domain with parameter µ, see [18, Definition 1.2].
In connection with the Diederich-Fornæss index, in [9, Theorem 1.4], the
authors showed that for any smoothly bounded pseudoconvex domain Ω in Cn
and any number s < η (Ω)/ (4n),
‖PΩ (f)‖Hs(Ω) ≤ const ‖f‖L2(Ω) ,
for all conjugate holomorphic functions f ∈ L2 (Ω). As a corollary, the operator
f → PΩ
(
f
)
is compact in A2 (Ω).
Our first result in this paper is the following smoothing property of the
Bergman projection, which, in particular, improves the exponent mentioned
above in the paper [9].
Theorem 1.1. Let Ω be a smoothly bounded pseudoconvex domain in Cn.
Assume that there are η > 0 and ρ ∈ PSH− (Ω) such that −ρ ≤ CδηΩ on Ω, for
some positive constant C. Then for every function g ∈ C∞ (Ω), any k ∈ Z+,
and any 0 < t < η, there is a positive constant CΩ,g,k,t such that
(2) ‖PΩ (fg)‖H t/2(Ω) ≤ CΩ,g,k,t
∫
Ω
|f | δkΩ,
for all conjugate holomorphic functions f ∈ L2 (Ω).
The supremum α (Ω) of all exponents η stated in Theorem 1.1 is called the
hyperconvexity index of Ω (see [8]), that is
α (Ω) = sup
{
η > 0 : there exist ρ ∈ PSH− (Ω) and C > 0
such that − ρ ≤ CδηΩ on Ω
}
.
If no such function ρ exists then α (Ω) := 0.
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As noted by Chen [8], it is easier to verify the hyperconvexity index than to
justify the Diederich-Fornæss index of a pseudoconvex domain. It is also clear
that the Diederich-Fornæss index is less than or equal to the hyperconvexity
index, that is η (Ω) ≤ α (Ω). From Theorem 1.1, in particular, we get that
PΩ (fg) ∈ Hη (Ω), for any η < α (Ω)/ 2, and the inequality (2) holds for any
t < α (Ω). For the case g ≡ 1, our result thus gives the following corollary:
Corollary 1.1. Let Ω be a smoothly bounded pseudoconvex domain in Cn. For
any k ∈ Z+ and any s < α (Ω)/ 2, there is a positive constant C such that
‖PΩ (f)‖Hs(Ω) ≤ C ‖f‖H−k(Ω) ,
for all conjugate holomorphic functions f in L2 (Ω).
Remark 1.1. By extending the domain of definition of PΩ, we can even weaken
the assumption of f ∈ L2 (Ω) in Theorem 1.1 to only f ∈ Hγ (Ω), for any
number γ > − α (Ω)/ 2. For the sake of discussion, we leave it to Proposition
6.2. In comparison to the estimate in [9], our result not only improves the
range in the Sobolev exponent, but in fact shows that the Bergman projection
has essentially α (Ω)-gain in the Sobolev scale, namely Hs1 (Ω) ∩ O (Ω) PΩ−−→
Hs2 (Ω), for any −α (Ω)/ 2 < s1 < s2 < α (Ω)/ 2. In view of Barrett’s result,
this smoothing property provides a new look in the Sobolev regularity of the
Bergman projection with small Sobolev exponents.
Hyperconvexity indices can be used to study the integrability index β (Ω) of
the Bergman kernel KΩ, which is defined by
β (Ω) = sup
{
β ≥ 2 : KΩ (·, w) ∈ Lβ (Ω) for all w ∈ Ω
}
.
For example, one can check that β (H) = 4, where
H =
{
(z1, z2) ∈ C2 : |z1| < |z2| < 1
}
is the Hartogs triangle. For a general pseudoconvex domain Ω, β (Ω) might be
arbitrarily close to 2 as the work of Barrett [1] shown. In [8], Chen proved that
for any pseudoconvex domain Ω in Cn,
(3) β (Ω) ≥ 2 + 2α (Ω)
2n− α (Ω) .
In this paper we would like to supplement this result with an estimate in
the case of pseudoconvex domains with C2 boundary.
Theorem 1.2. Let Ω be a bounded pseudoconvex domain with C2 boundary in
Cn. Then
(4) β (Ω) ≥ 2 + 2α (Ω)
n+ 1− α (Ω) .
We would also like to study a similar smoothing property as in Theorem
1.1 for weighted Bergman projections. It is known that for any pseudoconvex
domain with smooth boundary, there exist 0 < η < 1 and Ψ ∈ C∞ (Ω) such
that Ψ > 0 on Ω and ρ = −δηΨ is plurisubharmonic on Ω. Here δ ∈ C∞ (Ω)
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is any function that equals δΩ near ∂Ω. In fact, in [20] Range showed that for
pseudoconvex domains with C3 boundary, ρ can be chosen in the form
ρ = −δηe−Kψ,
for some positive constant K, where ψ ∈ C2 (Ω) is any strictly plurisubhar-
monic function on Ω. Our next result is stated as follows:
Theorem 1.3. Let Ω be a smoothly bounded pseudoconvex domain in Cn. Let
δ ∈ C∞ (Ω) be a function that equals δΩ near ∂Ω. Let ρ ∈ PSH− (Ω) be a
function in the form ρ = −δηΨ, where 0 < η < 1, and Ψ ∈ C∞ (Ω) such that
Ψ > 0 on Ω. Let α ∈ (−1/ 4,∞) and let s1, s2 be numbers such that
−
(
1 +
√
1 + 4α
2
+ α
)
η
2
< s1 < s2 <
(
1 +
√
1 + 4α
2
− α
)
η
2
.
Then for every g ∈ C∞ (Ω) and any k ∈ Z+, there is a positive constant C
such that ∥∥P(−ρ)α (fg)∥∥Hs2 (Ω) ≤ C ∫
Ω
|f | δkΩ,
for all conjugate holomorphic functions f in Hs1 (Ω). Here P(−ρ)α denotes the
weighted Bergman projection of L2 (Ω, (−ρ)α).
Remark 1.2. For pseudoconvex domains of finite type, in [6] the class of
weights δrΨ, where 0 ≤ r and Ψ > 0, Ψ ∈ C∞ (Ω), has been studied.
When α = 0, the result essentially represents the smoothing phenomenon
as in Theorem 1.1 and Proposition 6.2. However, in Theorem 1.3 we impose
more conditions on ρ.
As α becomes larger, P(−ρ)α maps into a Sobolev space with lower regularity.
Theorem 1.3, in particular, says that, when acting on conjugate holomorphic
functions, P(−ρ)α still maps into a Sobolev space of a positive order (from a
Sobolev space of a negative order) as long as α < 2.
It is also interesting to observe that P(−ρ)α has (essentially)
(
1+
√
1+4α
2
)
η-
gain in the Sobolev exponent when acting on the space of conjugate holomor-
phic functions.
One of the tools used in the proof of Theorem 1.3 is the following estimate
of weighted Bergman projections, which improves a result of Berndtsson and
Charpentier [2, Theorem 2.1].
Theorem 1.4. Let Ω be a bounded pseudoconvex domain in Cn. Let ψ, ϕ ∈
C2 (Ω) be such that ψ + ϕ is plurisubharmonic on Ω. Let H ∈ L∞loc (Ω) be a
non-negative function satisfying supK H < 1, for any subset K ⋐ Ω. Assume
also that
i∂ψ ∧ ∂ψ ≤ Hi∂∂ (ϕ+ ψ) on Ω.
Then
(5)
∫
Ω
|Pϕ (f)|2 (1−H) eψ−ϕ ≤
∫
Ω
|f |2 eψ−ϕ,
for any function f ∈ L2 (Ω, e−ϕ). Here Pϕ denotes the weighted Bergman
projection of L2 (Ω, e−ϕ).
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Remark 1.3. In [2], a stronger condition that i∂ψ ∧ ∂ψ ≤ r i∂∂ψ, with r ∈
(0, 1), is imposed. Note also that ψ and ϕ need not be plurisubharmonic in
Theorem 1.4.
The appearance of a general function H in Theorem 1.4 is useful to study the
degenerate case in Donnelly-Fefferman theorem [11]. It might help to extend or
refine several existing results in this direction. To illustrate some applications
of Theorem 1.4, first we obtain the following control on the growth of a negative
plurisubharmonic function near the boundary.
Theorem 1.5. Let Ω ⊂ Cn be a bounded pseudoconvex domain. For each ε > 0
and k ∈ Z+, there does not exist a plurisubharmonic function ρ ∈ PSH− (Ω)
such that
(6)
− ρ (z) ≤ constε,k δΩ (z)
log (log . . . |log δΩ (z)|)︸ ︷︷ ︸
k times
−ε , for any z near ∂Ω.
Remark 1.4. This is a slight improvement of [7, Theorem 1.7].
Our next result is another interesting application of Theorem 1.4 in obtaining
L2 asymptotic behavior of the Bergman kernel KΩ of Ω.
Theorem 1.6. Let Ω be a bounded pseudoconvex domain in Cn, and let ρ ∈
PSH− (Ω). Then for any α > 1 and k ∈ N,
lim
ε→0+
∫
{−ρ≤ε}
|KΩ (·, w)|2
ε |log ε| . . . log (. . . |log ε|)︸ ︷︷ ︸
k times
log (. . . |log ε|)︸ ︷︷ ︸
k+1 times

α = 0, for any w ∈ Ω.
Remark 1.5. A simple example of the unit ball B ⊂ Cn with ρ (z) = |z| − 1
shows that
1
ε
∫
{−ρ≤ε}
|KB (·, w)|2 ε→0
+
−−−−→ constn
∫
∂B
|KB (·, w)|2 = c (w) > 0, ∀w ∈ B.
Note also that, due to an example of Herbort [17], the boundary behavior of
the Bergman kernel may involve logarithmic terms.
Our plan of the paper is as follows. In Section 2, we give the proof of Theorem
1.4, which will be needed through the paper. Theorem 1.5 and 1.6 will be proved
in Sect. 3 and 4. The estimate of integrability indices in Theorem 1.2 will be
accomplished in Sect. 5. In the last two sections, we prove the smoothing
properties of the Bergman projection and of weighted Bergman projections,
Theorem 1.1 and 1.3.
2. Proof of Theorem 1.4
We shall employ the idea of twisting ∂ equations used in [2], see also [21].
For properties of weighted Bergman projections, we refer the reader to [19].
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Proof. Assume that the RHS of (5) is finite. Assume also for a moment that
ψ and ϕ are in C2
(
Ω
)
. Let uϕ = h − Pϕ (h), where h = e−ψPϕ+ψ
(
eψf
)
. We
then have
∂
(
uϕe
ψ
)
=
(
∂h+ uϕ∂ψ
)
eψ =
(
uϕ − e−ψPϕ+ψ
(
eψf
))
eψ∂ψ.
Thus
i∂
(
uϕe
ψ
) ∧ ∂ (uϕeψ) ≤ H ∣∣uϕ − e−ψPϕ+ψ (eψf)∣∣2 e2ψi∂∂ (ϕ+ ψ) .
Since uϕe
ψ is the L2
(
Ω, e−ϕ−ψ
)
-minimal solution to ∂u = ∂
(
uϕe
ψ
)
, by L2-
Ho¨rmander estimate, see e.g. [4, Theorem 2.1],
(7)∫
Ω
|uϕ|2 eψ−ϕ ≤
∫
Ω
H
∣∣uϕ − e−ψPϕ+ψ (eψf)∣∣2 eψ−ϕ = ∫
Ω
H |Pϕ (h)|2 eψ−ϕ.
On the other hand,
(8)
∫
Ω
|Pϕ (h)|2 eψ−ϕ =
∫
Ω
|uϕ − h|2 eψ−ϕ =
∫
Ω
|uϕ|2 eψ−ϕ +
∫
Ω
|h|2 eψ−ϕ,
where the last equality follows by∫
Ω
uϕPϕ+ψ (eψf)e
−ϕ = 0.
Since, for any v ∈ A2 (Ω, e−ϕ) = O (Ω) ∩ L2 (Ω, e−ϕ),∫
Ω
(h− f) ve−ϕ =
∫
Ω
(
Pϕ+ψ
(
eψf
)− eψf) ve−(ϕ+ψ) = 0,
we get that Pϕ (h) = Pϕ (f). Note also that
(9)
∫
Ω
|h|2 eψ−ϕ =
∫
Ω
∣∣Pϕ+ψ (eψf)∣∣2 e−(ϕ+ψ) ≤ ∫
Ω
|f |2 eψ−ϕ.
The conclusion now follows from (7), (8), (9).
For general functions ϕ, ψ ∈ C2 (Ω), consider a sequence of pseudoconvex
domains {Ωj} such that Ωj ⋐ Ωj+1 and Ω =
⋃∞
j=1 Ωj . For each (fixed) j0, the
estimate above gives∫
Ωj0
∣∣PΩj ,ϕ (f)∣∣2 (1−H) eψ−ϕ ≤ ∫
Ωj
|f |2 eψ−ϕ ≤
∫
Ω
|f |2 eψ−ϕ, ∀j ≥ j0.
Here PΩj ,ϕ is the weighted Bergman projection of L
2 (Ωj , e
−ϕ). Using the
fact that supΩj0 H < 1, the sequence
{
PΩj ,ϕ (f)
}
j≥j0 is bounded in L
2 (Ωj0).
Thus, by Cantor’s diagonal argument, we can assume, by passing to a subse-
quence, that PΩj ,ϕ (f) converges weakly to a function v in L
2
loc (Ω). In fact,
v = PΩ,ϕ (f), to see this, take any K ⋐ Ω and any h ∈ A2 (Ω, e−ϕ), since
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e−ϕ/2
(
f − PΩj ,ϕ (f)
)
also converges weakly to e−ϕ/2 (f − v) in L2 (K),∫
K
|f − v|2 e−ϕ ≤ lim inf
j→∞
∫
K
∣∣f − PΩj ,ϕ (f)∣∣2 e−ϕ
≤ lim inf
j→∞
∫
Ωj
∣∣f − PΩj ,ϕ (f)∣∣2 e−ϕ
≤ lim inf
j→∞
∫
Ωj
|f − h|2 e−ϕ
≤
∫
Ω
|f − h|2 e−ϕ.
It follows that∫
Ω
|f − v|2 e−ϕ ≤
∫
Ω
|f − h|2 e−ϕ, ∀h ∈ A2 (Ω, e−ϕ) ,
so v = PΩ,ϕ (f). For any K ⋐ Ω, since (1−H)
1
2 e
ψ−ϕ
2 PΩj ,ϕ (f) converges
weakly in L2 (K) to (1−H) 12 eψ−ϕ2 PΩ,ϕ (f), we conclude that∫
K
|PΩ,ϕ (f)|2 (1−H) eψ−ϕ ≤ lim inf
j→∞
∫
K
∣∣PΩj ,ϕ (f)∣∣2 (1−H) eψ−ϕ
≤
∫
Ω
|f |2 eψ−ϕ.
Therefore ∫
Ω
|PΩ,ϕ (f)|2 (1−H) eψ−ϕ ≤
∫
Ω
|f |2 eψ−ϕ.

3. Proof of Theorem 1.5
Proof. For fixed ε and k ∈ Z+, assume for a contradiction that there exists
such a function ρ. Then, by modifying ρ in the interior, we may assume that
ρ ∈ L∞ (Ω) and the estimate (6) is true on the whole domain Ω. By scaling,
we may also assume that diam (Ω) is small.
Let us assume for a moment that ρ ∈ C2 (Ω). We shall apply Theorem 1.4
with ϕ = 0 and ψ = − log (−ρ)−Ψ(− log (−ρ)) := u−Ψ(u), where
Ψ (t) =
ε
2
log (log . . . log t)︸ ︷︷ ︸
k times
:=
ε
2
logk (t) .
For convenience, set log0 (t) := t. Notice that
i∂u ∧ ∂u ≤ i∂∂u, ∂ψ = (1−Ψ′ (u)) ∂u,
and
i∂∂ψ = (1−Ψ′ (u)) i∂∂u+ (−Ψ” (u)) i∂u ∧ ∂u ≥ (1−Ψ′ (u)) i∂∂u.
Thus
i∂ψ ∧ ∂ψ ≤ (1−Ψ′ (u)) i∂∂ψ.
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We get that
(10)
∫
Ω
|PΩ (f)|2 e
−Ψ(u)Ψ′ (u)
(−ρ) ≤
∫
Ω
|f |2 e
−Ψ(u)
(−ρ) ,
for any function f ∈ L2 (Ω). Now, apply f := −ρ then the RHS of (10) is
finite. On the other hand,
e−Ψ(u)Ψ′ (u)
(−ρ) =
ε/ 2
(−ρ) (logk−1 (|log (−ρ)|)) ε/2 ∏k−1j=0 logj (|log (−ρ)|) ,
which is decreasing with respect to −ρ. Therefore
e−Ψ(u)Ψ′ (u)
(−ρ) ≥ constk,ε
1
δΩ
∏k−1
j=0 logj (|log δΩ|)
.
By the claim below, one gets that PΩ (−ρ) = 0. It follows that
∫
Ω
ρ1 = 0. This
is a contradiction.
For a general ρ ∈ PSH− (Ω), it suffices to show that the estimate (10) is
also true. This can be done by a limiting process similar to that used in the
proof of Theorem 1.4. We will retain it for clarity. Let {Ωj} be a sequence of
pseudoconvex domains such that Ωj ⋐ Ωj+1 and Ω =
⋃∞
j=1Ωj . For each σ > 0,
let uσ = − log (e−u ⋆ ησ), where u = − log (−ρ), and ⋆ ησ denotes the standard
convolution. Then −e−uσ = ρ ⋆ ησ ∈ PSH− (Ω), thus i∂uσ ∧ ∂uσ ≤ i∂∂uσ.
By the monotone convergence theorem, for each j, we can choose 0 < σj <
dist (Ωj , ∂Ω) such that∫
Ωj
|f |2
(
e
uσj−Ψ(uσj ) − eu−Ψ(u)
)
<
1
j
.
Since uσj ∈ C∞
(
Ωj
)
,∫
Ωj
∣∣PΩj (f)∣∣2Ψ′ (uσj) euσj−Ψ(uσj ) ≤ ∫
Ωj
|f |2 euσj−Ψ(uσj ) ≤ 1
j
+
∫
Ω
|f |2 eu−Ψ(u).
Simple calculation shows that (1−Ψ′ (t))Ψ′ (t) + Ψ” (t) ≥ 0 for t ≫ 1. Thus
t→ Ψ′ (t) et−Ψ(t) is non-decreasing. It follows that
Ψ′
(
uσj
)
e
uσj−Ψ(uσj ) ≥ Ψ′ (u) eu−Ψ(u) ≥ constk,ε 1
δΩ
∏k−1
j=0 logj (|log δΩ|)
.
Therefore, by passing to a subsequence, PΩj (f) converges weakly to PΩ (f) in
L2loc (Ω). For each l ∈ Z+, let vl = min
{
Ψ′ (u) eu−Ψ(u), l
} ∈ L∞ (Ω). Then∫
Ωj0
|PΩ (f)|2 vl ≤ lim inf
j→∞
∫
Ωj0
∣∣PΩj (f)∣∣2 vl
≤ lim inf
j→∞
∫
Ωj0
∣∣PΩj (f)∣∣2Ψ′ (uσj) euσj−Ψ(uσj )
≤
∫
Ω
|f |2 eu−Ψ(u), ∀ l ∈ Z+.
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Now Fatou’s lemma gives∫
Ω
|PΩ (f)|2Ψ′ (u) eu−Ψ(u) ≤
∫
Ω
|f |2 eu−Ψ(u).
Claim: there is no holomorphic function f on Ω, except for f ≡ 0, such that∫
Ω
|f |2
δΩ
∏k−1
j=0 logj (|log δΩ|)
<∞.
Proof of the claim. This essentially follows from the proof of [7, Theorem 1.6].
The key is to apply the Bochner-Martinelli formula:
Bochner-Martinelli formula: Let D ⊂ Cn be a bounded domain with
C1 boundary, and let f ∈ C1 (D). Then for each z ∈ D,
f (z) =
(n− 1)!
(2πi)
n
(∫
∂D
f (ς)
n∑
j=1
(−1)j+1 (ςj − zj)
|ς − z|2n d̂ςj ∧ dς
−
∫
D
n∑
j=1
(ςj − zj) ∂f
∂ςj
(ς)
dς ∧ dς
|ς − z|2n
)
.
Here d̂ςj = dς1 ∧ . . . ∧ dςj−1 ∧ dςj+1 ∧ . . . ∧ dςn.
Since
|δΩ (z)− δΩ (w)| ≤ |z − w| , ∀z, w ∈ Cn,
one has ‖▽δε‖L∞(Ω) ≤ constn. Here δε := δΩ ⋆ ηε is the standard convolution.
Fix any z0 ∈ Ω. For each ε > 0, choose ε1 > 0 such that ‖δΩ − δε1‖L∞(Ω) ≤
ε/ 10. It is clear that{
z ∈ Ω : log 1
2
< logk (|log δε1 (z)|)− logk (|log ε|) < 0
}
⊂
{
z ∈ Ω : 9
10
ε < δΩ (z) < cε
}
,
for some constant cε that converges to 0 as ε→ 0. And also 89δΩ (z) < δε1 (z) <
10
9 δΩ (z), provided that
9
10ε < δΩ (z). Choose a cut-off function χ on R such
that χ (t) = 1 for t < log 12 and χ (t) = 0 for t > 0. For each ε > 0 (small),
consider a smooth domain Dε ⋐ Ω so that δΩ (z) <
1
10ε, for any z ∈ ∂Dε. Then
apply the Bochner-Martinelli formula to the domain Dε and the function
gε (z) = χ (logk (|log δε1 (z)|)− logk (|log ε|)) f2 (z) .
Since gε = 0 on ∂Dε, and f is holomorphic on Ω, we get that
|f (z0)|2 ≤ cn
∫
Ω
|f |2 (ς) |χ′ (·)|
δε1 (ς)
k−1∏
j=0
logj (|log δε1 (ς)|)
∣∣∣∣∣∣
n∑
j=1
(
ςj − z0j
) ∂δε1
∂ςj
(ς)
∣∣∣∣∣∣ dς ∧ dς|ς − z0|2n
≤ cn,z0
∫
{ 910 ε<δΩ(·)<cε}
|f |2 (ς)
δΩ (ς)
∏k−1
j=0 logj (|log δΩ (ς)|)
dς ∧ dς
→ 0 as ε→ 0,
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given that ∫
Ω
|f |2
δΩ
∏k−1
j=0 logj (|log δΩ|)
<∞.
This ends the proof of the claim, and so the proof of Theorem 1.5 is complete.

4. Proof of Theorem 1.6
Proof. Again, we may assume that ρ ∈ C2 (Ω). By modifying ρ on the region
where −ρ is large, we may also assume without loss of generality that ‖ρ‖L∞(Ω)
is small. Let
ϕ = 0 and ψ = − log (−ρ+ ε)−Ψ(− log (−ρ+ ε)) ,
where
Ψ (t) =
α− 1
2
log (log . . . log t)︸ ︷︷ ︸
k times
:=
α− 1
2
logk (t) .
Theorem 1.4 gives∫
Ω
(α− 1) |PΩ (f)|2
2 (−ρ+ ε)
k−2∏
j=0
logj (u)
(logk−1 (u))α+12
≤
∫
Ω
|f |2
(−ρ+ ε) (logk−1 (u))α−12 ,
where u := − log (−ρ+ ε). For a fixed w ∈ Ω, apply f (·) = χWKW (·, w);
where χW is the indicator function of W :=
{
−ρ > −ρ(w)2
}
, and KW is the
Bergman kernel of W , we get that∫
Ω
(α− 1) |KΩ (·, w)|2
2 (−ρ+ ε)
k−2∏
j=0
logj (u)
(logk−1 (u))α+12
≤
∫
W
|KW (·, w)|2
(−ρ+ ε) (logk−1 (u))α−12 .
Since α > 1 and∫
W
|KW (·, w)|2
(−ρ+ ε) (logk−1 (u))α−12 < c (w) , ∀ε > 0,
the conclusion follows.

5. Proof of Theorem 1.2
We first recall some properties of the pluricomplex Green function.
Let Ω be a bounded domain in Cn. The pluricomplex Green function
gΩ (·, w) with pole at w ∈ Ω is defined by
gΩ (z, w) := sup
{
u (z) : u ∈ PSH− (Ω) , lim sup
ξ→w
(u (ξ)− log |ξ − w|) <∞
}
.
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It is known that (see [3]) when Ω is pseudoconvex and f is holomorphic on Ω,
(11) |f (w)|2 ≤ constnKΩ (w,w)
∫
{gΩ(·,w)<−1}
|f |2 , ∀w ∈ Ω.
We also need the following well-known estimate of gΩ:
Theorem 5.1. (B locki [3]) Let Ω be a bounded domain in Cn. Assume that
there is v ∈ PSH− (Ω) such that
C1δ
t
Ω (z) ≤ −v (z) ≤ C2δtΩ (z) , z ∈ Ω,
for some positive constants C1, C2 and t. Then there exist positive constants C
and δ0 such that
{gΩ (·, w) < −1}⊂
{
1
C
δΩ (w) |log δΩ (w)|−
1
t ≤ δΩ (·) ≤ CδΩ (w) |log δΩ (w)|
n
t
}
,
for any w ∈ Ω with δΩ (w) < δ0.
We now give the proof of Theorem 1.2. The key to gaining the exponent in
(4), compared to the estimate (3), is the fact that we can exploit the smoothness
of ∂Ω on the Bergman kernel by using the estimate (11).
Proof of Theorem 1.2. For each t < α (Ω), by definition, there is ρ ∈ PSH− (Ω)
such that −ρ ≤ CδtΩ on Ω. For any (fixed) w ∈ Ω and every 0 < r < 1, by
Theorem 5.1 and the estimate (11), we conclude that for any z ∈ Ω with
δΩ (z) < δ0,
|KΩ (z, w)|2 ≤ cn KΩ (z, z)
∫
{gΩ(·,z)<−1}
|KΩ (·, w)|2
≤ cΩ δ−n−1Ω (z)
(
δΩ (z) |log δΩ (z)|
n
c
)tr ∫
{gΩ(·,z)<−1}
|KΩ (·, w)|2 (−ρ)−r
≤ cΩ δ−n−1+trΩ (z) |log δΩ (z)|
ntr
c (−ρ (w))−rK{−ρ>−ρ(w)2 } (w,w) .
Here we have used the fact that there are v ∈ PSH− (Ω) and c > 0 such
that C1δ
c
Ω ≤ −v ≤ C2δcΩ on Ω. The last inequality above follows by plugging
f (·) = χ{−ρ>−ρ(w)2 } (·)K{−ρ>−ρ(w)2 } (·, w) into the estimate (in which we apply
Theorem 1.4 to ψ = −r log (−ρ) and ϕ = 0; remark also that this is true for a
general plurisubharmonic function ρ)∫
Ω
|PΩ (f)|2 (−ρ)−r ≤ 1
1− r
∫
Ω
|f |2 (−ρ)−r .
Thus
|KΩ (z, w)|2 ≤ constw δ−n−1+trΩ (z) |log δΩ (z)|
ntr
c , ∀z ∈ Ω, with δΩ (z) < δ0.
On the other hand, for any z ∈ Ω with δΩ (z) ≥ δ0,
|KΩ (z, w)|2 ≤ cn KΩ (z, z)
∫
{gΩ(·,z)<−1}
|KΩ (·, w)|2
≤ cΩ δ−n−10 KΩ (w,w) := constw.
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Similarly, for each ε > 0,∫
{δΩ≤ε}
|KΩ (·, w)|2 ≤
∫
{−ρ≤Cεt}
|KΩ (·, w)|2
≤ const εtr
∫
{−ρ≤Cεt}
|KΩ (·, w)|2 (−ρ)−r
≤ constw εtr.
Therefore, for any β ≥ 2, we get that∫
Ω
|KΩ (·, w)|β
≤
∫
{δΩ≥δ0}
|KΩ (·, w)|β +
∞∑
j=0
∫
{2−j−1δ0≤δΩ<2−jδ0}
|KΩ (·, w)|β
≤ cw
1 + ∞∑
j=0
2(j+1)(n+1−tr)(
β−2
2 )
∣∣log (2−j−1δ0)∣∣ntr(β−2)2c ∫
{δΩ<2−jδ0}
|KΩ (·, w)|2

≤ cw
1 + ∞∑
j=0
2j((n+1−tr)(
β−2
2 )−tr)
∣∣log (2−j−1δ0)∣∣ntr(β−2)2c
 .
It follows that if (n+ 1− tr)
(
β−2
2
)
− tr < 0 then KΩ (·, w) ∈ Lβ (Ω). This
condition is equivalent to
β < 2 +
2tr
n+ 1− tr .
Since this is true for any t < α (Ω) and 0 < r < 1, the desired estimate follows.

A similar approach can be used to obtain the following low-level Lp regularity
of the Bergman projection, which improves the exponent in [21, Corollary 2.5],
see also [9, Lemma 2.2].
Proposition 5.2. Let Ω be a bounded pseudoconvex domain with C2 boundary
in Cn. For any
2 ≤ q < 2 + 2α (Ω)
n+ 1− α (Ω) ,
and
p >
2
1− (n+ 1)
(
1− 2
q
) ,
the Bergman projection PΩ is bounded from L
p (Ω) to Lq (Ω).
It is interesting to know how large the Lq-range of the output space can
be, provided the Lp-regularity of the input is good enough. The result in [12]
indicates that for pseudoconvex domains with irregular boundary, q = 2 might
be optimal, even if p =∞.
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Proof. The argument is almost identical to that in Theorem 1.2, that is, instead
of using the estimate
|KΩ (z, w)|2 ≤ constn KΩ (z, z)
∫
{gΩ(·,z)<−1}
|KΩ (·, w)|2 ,
we consider the estimate
|PΩ (f) (z)|2 ≤ constn KΩ (z, z)
∫
{gΩ(·,z)<−1}
|PΩ (f)|2 .
We leave the details to the reader, see also the proof of [21, Corollary 2.5].

6. Proof of Theorem 1.1
We first prove the following modified version of [15, Theorem 1.2], which is
perhaps of independent interest in future applications.
Theorem 6.1. Let Ω be a bounded domain in Cn with smooth boundary. Let
δ ∈ C∞ (Ω) be a function that equals δΩ near ∂Ω. For any α > −1, any k ∈ Z+
and every g ∈ C∞ (Ω), there exists a function ω ∈ L∞ (Ω) such that∫
Ω
hgδα =
∫
Ω
hωδk,
for any holomorphic function h on Ω satisfying hδα ∈ L1 (Ω).
Remark 6.1. We always assume that δ is positive on Ω.
Proof. We employ the method used in [15, Theorem 1.2]. The idea is as follows:
by acting on the normal direction and using integration by parts, one can gain
some additional powers of δ, but has to transfer some derivatives in the normal
direction on h. This however can be resolved via the holomorphic property of
h.
Choose a neighborhood U of ∂Ω such that: δ = δΩ on U ∩Ω, and the vector
field
N :=
2n∑
j=1
∂δΩ
∂xj
∂
∂xj
is a smooth vector field on U ∩ Ω satisfying N (δΩ) = 1 on U ∩ Ω. Here
(z1, . . . , zn) = (x1, x2, . . . , x2n−1, x2n) are the standard coordinates of Cn. Such
a neighborhood exists since ∂Ω ∈ C∞. Choose a cut-off function Θ ∈ C∞0 (U)
such that Θ = 1 on some neighborhood U ′ ⋐ U of ∂Ω.
First, we claim that for given α > −1 and g ∈ C∞ (Ω), there is g1 ∈ C∞ (Ω)
such that
(12)
∫
Ω
hgδα =
∫
Ω
hg1δ
α+1,
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for any holomorphic function h on Ω satisfying hδα ∈ L1 (Ω). For ε > 0 small,
let Ωε := {z ∈ Ω : δΩ (z) > ε}. Then∫
Ωε
δαhg =
∫
Ωε
Θδαhg +
∫
Ωε
(1−Θ) δαhg
=
1
α+ 1
∫
Ωε
N
(
δα+1
)
Θhg︸ ︷︷ ︸
I1
+
∫
Ωε
h
(
1−Θ
δ
g
)
δα+1︸ ︷︷ ︸
Y1
.
Since the integrand of Y1 is in L
1 (Ω),
Y1
ε→0−−−→
∫
Ω
h
(
1−Θ
δ
g
)
δα+1,
which is in the form of the RHS of (12). For I1:
I1 =
∫
Ωε
N
(
δα+1
)
Θhg =
∫
Ωε
N
(
δα+1Θhg
)− ∫
Ωε
δα+1N (Θhg)
=
∫
Ωε
2n∑
j=1
∂
∂xj
(
δxjδ
α+1Θhg
)
︸ ︷︷ ︸
I2
−
∫
Ωε
(
δα+1Θhg
)△δ︸ ︷︷ ︸
Y2
−
∫
Ωε
δα+1N (Θhg)︸ ︷︷ ︸
I3
.
The terms I2 and I3 can be handled quite similarly. The key is to transform
the action N (h) into iT (h), where T is the tangential vector field defined by
T =
n∑
j=1
(
∂δ
∂x2j
∂
∂x2j−1
− ∂δ
∂x2j−1
∂
∂x2j
)
.
One can check that N (h) = iT (h), for any h ∈ O (Ω). Also, by Stokes’
theorem,
∫
Ωε
T (g) = 0, for any g ∈ C1 (Ωε). Thus
I2 =
∫
Ωε
d
δα+1Θhg 2n∑
j=1
(−1)j+1 δxjdxˆj
 = εα+1 ∫
∂Ωε
Θhg
2n∑
j=1
(−1)j+1 δxjdxˆj
= εα+1
∫
Ωε
d
Θhg 2n∑
j=1
(−1)j+1 δxjdxˆj

= εα+1
 ∫
Ωε
N (Θg)h+
∫
Ωε
N (h)Θg +
∫
Ωε
Θhg△δ
 .
One has
εα+1
∣∣∣∣∫
Ωε
N (Θg)h
∣∣∣∣ ≤ εmin{1,1+α} ∫
Ωε
|N (Θg)| |hδα| ε→0−−−→ 0,
since δ−α ≤ constΩ (1 + ε−α) on Ωε, Θg ∈ C∞
(
Ω
)
and hδα ∈ L1 (Ω). Simi-
larly,
εα+1
∫
Ωε
Θhg△δ ε→0−−−→ 0.
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On the other hand
εα+1
∫
Ωε
N (h)Θg = εα+1
∫
Ωε
iT (h)Θg = iεα+1
 ∫
Ωε
T (hΘg)−
∫
Ωε
hT (Θg)

= −iεα+1
∫
Ωε
hT (Θg)
→ 0 as ε→ 0.
Thus I2 converges to 0 as ε→ 0. For I3,
I3 =
∫
Ωε
δα+1N (h)Θg +
∫
Ωε
δα+1N (Θg)h
=
∫
Ωε
iδα+1T (h)Θg +
∫
Ωε
δα+1N (Θg)h.
Since T (δ) = 0, we get that δα+1T (h)Θg = T
(
δα+1Θgh
) − δα+1hT (Θg).
Therefore
I3 =
∫
Ωε
−iδα+1hT (Θg) +
∫
Ωε
δα+1N (Θg)h
=
∫
Ωε
δα+1 (−iT (Θg) +N (Θg))h︸ ︷︷ ︸
Y3
.
The desired claim now follows since∫
Ωε
δαhg =
1
α+ 1
(I2 − Y2 − Y3) + Y1,
and Y1, Y2, Y3 converge to integrals in the form of the RHS of (12). To complete
the proof of this lemma, we simply repeat the above argument, that is∫
Ω
hgδα =
∫
Ω
hg1δ
α+1,
and ∫
Ωε
hg1δ
α+1 =
∫
Ωε
Θδα+1hg1 +
∫
Ωε
1−Θ
δ
δα+2hg1
=
1
α+ 2
∫
Ωε
N
(
δα+2
)
Θhg1 +
∫
Ωε
1−Θ
δ
δα+2hg1.
Note that hδα+1 ∈ L1 (Ω). Then one can find g2 ∈ C∞
(
Ω
)
so that∫
Ω
hg1δ
α+1 =
∫
Ω
hg2δ
α+2.
So the process can be continued.

Proof of Theorem 1.1. Take any f ∈ O (Ω) ∩ L2 (Ω). Apply ψ = − t
η
log (−ρ)
and ϕ = 0 in Theorem 1.4, we get that
(13)
∫
Ω
|PΩ (v)|2 (−ρ)−
t
η ≤ η
η − t
∫
Ω
|v|2 (−ρ)− tη ,
ON SMOOTHING PROPERTIES OF THE BERGMAN PROJECTION 16
for any v ∈ L2 (Ω). By duality, we also have
(14)
∫
Ω
|PΩ (v)|2 (−ρ)
t
η ≤ η
η − t
∫
Ω
|v|2 (−ρ) tη .
Take any φ ∈ C∞0 (Ω) so that ‖φ‖L2(Ω) = 1. Let δ ∈ C∞
(
Ω
)
be a function
that equals δΩ near ∂Ω. Since δ
− t/2φ ∈ L2 (Ω), by the self-adjointness of PΩ
(15)
∣∣∣∣∫
Ω
PΩ (fg) δ
− t2φ
∣∣∣∣ = ∣∣∣∣∫
Ω
fgPΩ
(
δ−
t
2φ
)∣∣∣∣ = ∣∣∣∣∫
Ω
fPΩ
(
δ−
t
2φ
)
g
∣∣∣∣ .
Since fPΩ
(
δ− t/2φ
)
is holomorphic and in L1 (Ω), by Theorem 6.1, for any
(fixed) m ∈ Z+, there is ωm,g ∈ L∞ (Ω) such that
(16)
∫
Ω
fPΩ
(
δ−
t
2φ
)
g =
∫
Ω
fPΩ
(
δ−
t
2φ
)
ωm,gδ
m.
By (11),∣∣∣PΩ (δ− t2φ) (z)∣∣∣2 ≤ constnKΩ (z, z)∫
{gΩ(·,z)<−1}
∣∣∣PΩ (δ− t2φ)∣∣∣2 .
One has KΩ (z, z) ≤ constΩ δ−n−1 (z), z ∈ Ω. By Hopf lemma (see [13, Propo-
sition 12.2]), −ρ ≥ constΩ δ on Ω. Also, from Theorem 5.1, we get that
δ ≥ constΩ δ (z) |log δ (z)|−
1
c on {gΩ (·, z) < −1}, for some positive constant
c and for any z ∈ Ω with δ (z) < δ0. Therefore∣∣∣PΩ (δ− t2φ) (z)∣∣∣2 ≤ constΩ δ−n−1− tη (z) |log δ (z)| tcη ∫
Ω
∣∣∣PΩ (δ− t2φ)∣∣∣2 (−ρ) tη .
By using (14),∫
Ω
∣∣∣PΩ (δ− t2φ)∣∣∣2 (−ρ) tη ≤ η
η − t
∫
Ω
|φ|2 δ−t (−ρ) tη ≤ constΩ,t,
since −ρ ≤ constΩδη and ‖φ‖L2(Ω) = 1. So we obtain that
(17)∣∣∣PΩ (δ− t2φ) (z)∣∣∣2 ≤ constΩ,t δ−n−1− tη (z) |log δ (z)| tcη , ∀z ∈ Ω with δ (z) < δ0.
By the sub-mean inequality, (17) is also true if z is away from ∂Ω. Indeed, if
δΩ (z) ≥ δ0 then∣∣∣PΩ (δ− t2φ) (z)∣∣∣2 ≤ ∣∣∣∣B(z, δ02
)∣∣∣∣−1 ∫
B(z, δ02 )
∣∣∣PΩ (δ− t2φ)∣∣∣2
≤ constΩ,t
∫
B(z, δ02 )
∣∣∣PΩ (δ− t2φ)∣∣∣2 (−ρ) tη
≤ constΩ,t.
From (15) and (16), it continues as∣∣∣∣∫
Ω
PΩ (fg) δ
− t2φ
∣∣∣∣ ≤ constΩ,t ∫
Ω
|f | |ωm,g| δm−
1
2 (n+1+
t
η ) |log δ| t2cη .
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By choosing m > k + 12 (n+ 1 + t/ η), we arrive at
(18)
∣∣∣∣∫
Ω
PΩ (fg) δ
− t2φ
∣∣∣∣ ≤ constΩ,g,k,t ∫
Ω
|f | δk ≤ constΩ,g,k,t
∫
Ω
|f | δkΩ,
for any φ ∈ C∞0 (Ω) so that ‖φ‖L2(Ω) = 1. By an elementary fact given below,
from this we get that PΩ (fg) δ
− t/2 ∈ L2 (Ω) and
‖PΩ (fg)‖H t/2(Ω) ≤
(∫
Ω
|PΩ (fg)|2 δ−t
) 1
2
≤ constΩ,g,k,t
∫
Ω
|f | δkΩ.
This completes the proof of Theorem 1.1.
Fact : Let ϕ be a locally integrable function on Ω such that
∣∣∫
Ω ϕφ
∣∣ ≤ C, for
any φ ∈ C∞0 (Ω) with ‖φ‖L2(Ω) = 1. Then ϕ ∈ L2 (Ω) and ‖ϕ‖L2(Ω) ≤ C.
Justify the fact : by the hypothesis, the operator φ → ∫Ω ϕφ can be ex-
tended boundedly on L2 (Ω). By Riesz’s theorem, there is ϕ˜ ∈ L2 (Ω) such
that
∫
Ω (ϕ− ϕ˜)φ = 0, for any φ ∈ C∞0 (Ω). Thus ϕ = ϕ˜.

If one extends the domain of definition of PΩ to the class
F = {f is Lebesgue measurable on Ω : f (·)K (z, ·) ∈ L1 (Ω) , a.e. z ∈ Ω} ,
so that now
PΩ (f) (·) =
∫
Ω
K (·, w) f (w) dVw , (for f ∈ F),
is well-defined as a measurable function on Ω, then we obtain the following
estimate:
Proposition 6.2. Let Ω be a smoothly bounded pseudoconvex domain in Cn.
Let −α (Ω)/ 2 < s1 < s2 < α (Ω)/ 2. Then for every function g ∈ C∞
(
Ω
)
and
any k ∈ Z+, there is a positive constant C such that
‖PΩ (fg)‖Hs2 (Ω) ≤ C
∫
Ω
|f | δkΩ,
for all conjugate holomorphic functions f ∈ Hs1 (Ω).
Proof. Without loss of generality, we may assume that s1 < 0 < s2. Then, there
are c ∈ (max {−s1, s2} , α (Ω)/ 2) and ρ ∈ PSH− (Ω) such that −ρ ≤ const δ2cΩ
on Ω. Since A2 (Ω) = O (Ω) ∩L2 (Ω) is dense in O (Ω) ∩L2 (Ω, δ−2s1Ω ) (see the
Fact in the proof of Theorem 1.3), we can choose a sequence
{
fj
}
in A2 (Ω)
that converges to f in L2
(
Ω, δ−2s1Ω
)
. It follows that∫
Ω
|fj | δkΩ →
∫
Ω
|f | δkΩ, as j →∞.
From Theorem 1.1, there is a positive constant C such that
‖PΩ (fjg)‖Hs2 (Ω) ≤ C
∫
Ω
|fj| δkΩ, ∀j.
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By Fatou’s lemma and Weierstrass’s theorem, it suffices to show that PΩ (fjg)
converges uniformly to PΩ (fg) on any relatively compact subsetW of Ω. Take
W˜ so that W ⋐ W˜ ⋐ Ω, then K
W˜
(z, z) is bounded for z ∈W . Thus∣∣∣∣∫
Ω
KΩ (z, w) (fj − f) (w) g (w) dVw
∣∣∣∣2
≤
(∫
Ω
|KΩ (z, ·)|2 (−ρ)
s1
c
)(∫
Ω
|fj − f |2 |g|2 (−ρ)−
s1
c
)
≤ c
W˜ ,g
K
W˜
(z, z) ‖fj − f‖2L2(Ω,δ−2s1Ω )
→ 0,
uniformly in z ∈W , as j →∞.

7. Proof of Theorem 1.3
We first verify the following weighted estimate, which follows the proof of
Theorem 1.4 very closely. However, here we need to employ a slightly different
limiting argument.
Lemma 7.1. Let Ω be a smoothly bounded pseudoconvex domain in Cn. Let
δ ∈ C∞ (Ω) be a function that equals δΩ near ∂Ω. Let ρ ∈ PSH− (Ω) be a
function in the form ρ = −δηΨ, where 0 < η < 1, and Ψ ∈ C∞ (Ω) such
that Ψ > 0 on Ω. Let β ≥ 0, α ∈ R be numbers such that β2 < α + β. Let
ϕ = −α log (−ρ) and ψ = −β log (−ρ). Then
(19)
∫
Ω
|Pϕ (f)|2
(
1− β
2
α+ β
)
eψ−ϕ ≤
∫
Ω
∣∣Pϕ+ψ (eψf)∣∣2 e−(ϕ+ψ),
for any function f ∈ L2 (Ω, eψ−ϕ).
Proof. Observe that h = e−ψPϕ+ψ
(
eψf
) ∈ L2 (Ω, e−ϕ), since β ≥ 0 and ρ ∈
L∞ (Ω). Also heψ ∈ L2 (Ω, e−ϕ−ψ), since f ∈ L2 (Ω, eψ−ϕ). From Theorem
1.4, ∫
Ω
|Pϕ (h)|2
(
1− β
2
α+ β
)
eψ−ϕ ≤
∫
Ω
|h|2 eψ−ϕ
≤
∫
Ω
∣∣Pϕ+ψ (eψf)∣∣2 e−(ϕ+ψ)
≤
∫
Ω
|f |2 eψ−ϕ
<∞.
Thus uϕe
ψ ∈ L2 (Ω, e−ϕ−ψ), where uϕ = h − Pϕ (h). To show that uϕeψ is
the L2
(
Ω, e−ϕ−ψ
)
-minimal solution to the dee-bar equation ∂u = ∂
(
uϕe
ψ
)
,
we need to verify that for any v ∈ A2 (Ω, e−ϕ−ψ) = L2 (Ω, e−ϕ−ψ) ∩ O (Ω),
(20)
∫
Ω
uϕve
−ϕ = 0.
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From β2 < α + β, we get that α > −1/ 4. Thus − (α+ β) η ≤ −αη <
1. Therefore, by using the Fact in the proof of Theorem 1.3, A2 (Ω, e−ϕ) =
L2 (Ω, δαηΩ ) ∩ O (Ω) is dense in A2
(
Ω, e−ϕ−ψ
)
= L2
(
Ω, δ
(α+β)η
Ω
)
∩ O (Ω). So,
there is a sequence {hj} ∈ A2 (Ω, e−ϕ) converging to v in L2
(
Ω, e−ϕ−ψ
)
. It is
clear that ∫
Ω
uϕhje
−ϕ = 0, ∀j.
On the other hand,∣∣∣∣∫
Ω
uϕ
(
hj − v
)
e−ϕ
∣∣∣∣ ≤ (∫
Ω
|uϕ|2 eψ−ϕ
) 1
2
(∫
Ω
|hj − v|2 e−(ϕ+ψ)
) 1
2
≤ const
(∫
Ω
|hj − v|2 e−(ϕ+ψ)
) 1
2
→ 0, as j →∞.
Thus (20) follows. The rest of the argument is the same as in the proof of
Theorem 1.4. That is, we now have∫
Ω
|uϕ|2 eψ−ϕ ≤ β
2
α+ β
∫
Ω
|Pϕ (h)|2 eψ−ϕ,
and also∫
Ω
|Pϕ (f)|2 eψ−ϕ =
∫
Ω
|Pϕ (h)|2 eψ−ϕ
=
∫
Ω
|uϕ|2 eψ−ϕ +
∫
Ω
|h|2 eψ−ϕ
=
∫
Ω
|uϕ|2 eψ−ϕ +
∫
Ω
∣∣Pϕ+ψ (eψf)∣∣2 e−(ϕ+ψ).
The desired conclusion then follows.

Proof of Theorem 1.3. Our approach is basically similar to the proof of The-
orem 1.1. An observation is that the estimate (19) in Lemma 7.1 is useful to
give balanced estimates in weights.
From the ranges of s1, s2 and α, we can choose β > 0 such that β
2 < α+ β
and
− (β + α) η
2
< s1 < s2 < (β − α) η
2
.
We now apply ϕ = −α log (−ρ) and ψ = −β log (−ρ) to (19). Let’s also assume
for a moment that f ∈ L2 (Ω, eψ−ϕ) ∩ O (Ω). Lemma 7.1 gives∥∥P(−ρ)α (fg)∥∥2H(β−α)( η/2)(Ω) ≤ ∫
Ω
∣∣P(−ρ)α (fg)∣∣2 δ−(β−α)η
≤ C1
∫
Ω
∣∣Pϕ+ψ (eψfg)∣∣2 e−(ϕ+ψ),(21)
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where 1/C1 =
(
1− β2/ (α+ β)) infΩΨ−(β−α). Take any φ ∈ C∞0 (Ω) such
that ‖φ‖L2(Ω) = 1. By duality,∣∣∣∣∫
Ω
Pϕ+ψ
(
eψfg
)
φe− (ϕ+ψ)/2
∣∣∣∣ = ∣∣∣∣∫
Ω
Pϕ+ψ
(
eψfg
)
φe (ϕ+ψ)/2e−(ϕ+ψ)
∣∣∣∣
=
∣∣∣∣∫
Ω
eψfgPϕ+ψ
(
φe (ϕ+ψ)/2
)
e−(ϕ+ψ)
∣∣∣∣
=
∣∣∣∣∫
Ω
fPϕ+ψ
(
φe (ϕ+ψ)/2
)
ge−ϕ
∣∣∣∣ ,
here we have used the fact that φe (ϕ+ψ)/2 ∈ L2 (Ω, e−(ϕ+ψ)). Notice that
ge−ϕ = δηαgΨα, and gΨα ∈ C∞ (Ω). Also fPϕ+ψ (φe (ϕ+ψ)/2) ∈ O (Ω) and∣∣∣∣∫
Ω
fPϕ+ψ
(
φe (ϕ+ψ)/2
)
δηα
∣∣∣∣
=
∣∣∣∣∫
Ω
fe (ψ−ϕ)/2Ψ−αPϕ+ψ
(
φe (ϕ+ψ)/2
)
e−(ψ+ϕ)/2
∣∣∣∣
≤ C2
(∫
Ω
|f |2 eψ−ϕ
) 1
2
(∫
Ω
∣∣∣Pϕ+ψ (φe (ϕ+ψ)/2)∣∣∣2 e−(ψ+ϕ)) 12
≤ C2
(∫
Ω
|f |2 eψ−ϕ
) 1
2
,
where C2 = ‖Ψ−α‖L∞(Ω). Thus fPϕ+ψ
(
φe (ϕ+ψ)/2
)
δηα ∈ L1 (Ω). Now, Theo-
rem 6.1 can be used to give
(22)
∫
Ω
fPϕ+ψ
(
φe (ϕ+ψ)/2
)
ge−ϕ =
∫
Ω
fPϕ+ψ
(
φe (ϕ+ψ)/2
)
ωmδ
m,
where ωm ∈ L∞ (Ω), for m ∈ Z+ to be specified later. On the other hand∣∣∣Pϕ+ψ (φe (ϕ+ψ)/2) (z)∣∣∣2
≤ constnK (z, z)
∫
{gΩ(·,z)<−1}
∣∣∣Pϕ+ψ (φe (ϕ+ψ)/2)∣∣∣2
≤ cΩ δ
−n−1−η(α+β) (z)
|log δ (z)|−η(α+β)/c
∫
{gΩ(·,z)<−1}
∣∣∣Pϕ+ψ (φe (ϕ+ψ)/2)∣∣∣2 e−(ϕ+ψ)
≤ cΩ δ
−n−1−η(α+β) (z)
|log δ (z)|−η(α+β)/c
, ∀z ∈ Ω.
Combining this with (21), (22) and the elementary fact in the proof of Theorem
1.1, we obtain that
(23)
∫
Ω
∣∣P(−ρ)α (fg)∣∣2 δ−(β−α)η ≤ const(∫
Ω
|f | δk
)2
,
for any conjugate holomorphic function f ∈ L2 (Ω, eψ−ϕ), provided that
m > k + (1/ 2) (n+ 1 + η (α+ β)) .
ON SMOOTHING PROPERTIES OF THE BERGMAN PROJECTION 21
We now show that (23) is also true for all f ∈ Hs1 (Ω) ∩ O (Ω). Fix any
f ∈ Hs1 (Ω)∩O (Ω). Since −η (β + α) < η (β − α) < 1, by the fact below, there
is a sequence
{
fj
} ∈ L2 (Ω, δ−η(β−α)) that converges to f in L2 (Ω, δη(β+α)).
Since ∫
Ω
|fj | δk →
∫
Ω
|f | δk as j →∞,
and fj ∈ L2
(
Ω, eψ−ϕ
)∩O (Ω), thus all we need to do is show that P(−ρ)α (fjg)
converges uniformly to P(−ρ)α (fg) on any subsetW ⋐ Ω. Take a subset W˜ ⋐ Ω
that contains W , by Ho¨lder’s inequality∣∣∣∣∫
Ω
K(−ρ)α (z, w) (fj − f) (w) g (w) (−ρ)α (w) dVw
∣∣∣∣2
≤ const
(∫
Ω
∣∣K(−ρ)α (z, w)∣∣2 (−ρ)−(β−α) (w) dVw) ‖fj − f‖2L2(Ω,δη(β+α))
≤ constK
W˜ ,(−ρ)α (z, z) ‖fj − f‖
2
L2(Ω,δη(β+α))
→ 0,
uniformly in z ∈W , as j →∞. Given the fact below, this completes the proof
of Theorem 1.3.
Fact : Let Ω be a smoothly, bounded pseudoconvex domain in Cn, and let
−∞ < α1 < α2 < 1.
Then A2α2 (Ω) = O (Ω)∩L2
(
Ω, δ−α2Ω
)
is dense in A2α1 (Ω) = O (Ω)∩L2
(
Ω, δ−α1Ω
)
.
Justify the fact. If α1 > 0 then the claim is proved in [7, page 4135], which
in fact only requires C2 smoothness of the boundary. When α1 ≤ 0, it suffices
to show that A∞ (Ω) = O (Ω) ∩ C∞ (Ω) is dense in A2α1 (Ω). Since A∞ (Ω)
is dense in A2 (Ω) = O (Ω) ∩ L2 (Ω), see [5, Theorem 3.1.4]. Thus it suffices
to show that A2 (Ω) is dense in A2α1 (Ω). Indeed, if this is true then for any
f ∈ A2α1 (Ω) and ε > 0, one can choose g ∈ A2 (Ω) and h ∈ A∞ (Ω) such that
‖f − g‖
L2(Ω,δ−α1Ω )
<
ε
2
, and ‖g − h‖
L2(Ω,δ−α1Ω )
≤ CΩ ‖g − h‖L2(Ω) <
ε
2
.
So ‖f − h‖
L2(Ω,δ−α1Ω )
< ε. The remaining task can also be proved using the
dee-bar technique as in [7]. For convenience, we include it here.
Fix any f ∈ A2α1 (Ω), and choose a function ρ ∈ C2 (Ω)∩PSH− (Ω) such that
(1/C) δcΩ ≤ −ρ ≤ CδcΩ, for some positive constants C and c. Let χ ∈ C∞ (R)
be such that χ|(0,∞) = 0 and χ|(−∞,− log 2) = 1. For each ε > 0, let ϕε ∈
PSH (Ω) be defined by ϕε = − (−α1/ c) log (−ρ+ ε). Apply L2-Ho¨rmander
estimate to the dee-bar equation
∂u = f∂χ (− log (−ρ+ ε) + log 2ε) ,
then we can find a solution uε satisfying the estimates∫
Ω
|uε|2 e−ϕε ≤
∫
Ω
∣∣f∂χ (− log (−ρ+ ε) + log 2ε)∣∣2
i∂∂ϕε
e−ϕε
≤ const
∫
ε≤−ρ≤3ε
|f |2 δ−α1Ω .
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Since e−ϕε > ε−α1/c, thus uε ∈ L2 (Ω). Also∫
Ω
|fχ (− log (−ρ+ ε) + log 2ε)|2 ≤ const
∫
−ρ≥ε
|f |2 ≤ const εα1/c
∫
Ω
|f |2 δ−α1Ω .
Therefore fε := fχ (− log (−ρ+ ε) + log 2ε)− uε ∈ A2 (Ω), and we also have∫
Ω
|fε − f |2 δ−α1Ω ≤ const
(∫
−ρ≤3ε
|f |2 δ−α1Ω +
∫
Ω
|uε|2 δ−α1Ω
)
≤ const
(∫
−ρ≤3ε
|f |2 δ−α1Ω +
∫
Ω
|uε|2 e−ϕε
)
≤ const
(∫
−ρ≤3ε
|f |2 δ−α1Ω +
∫
ε≤−ρ≤3ε
|f |2 δ−α1Ω
)
→ 0 as ε→ 0+.
So we have verified that A2 (Ω) is dense in A2α1 (Ω).

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